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Positivity of the CM line bundle for K-stable log Fanos
Quentin Posva
Abstract. We prove the bigness of the Chow-Mumford line bundle associated to
a Q-Gorenstein family of log Fano varieties of maximal variation with uniformly K-
stable general geometric fibers. This result generalizes a recent theorem of Codogni
and Patakfalvi to the logarithmic setting.
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1 INTRODUCTION
Throughout this note, we work over an algebraically closed field k of characteristic zero.
Let f : (X,D) → T be a flat morphism of relative dimension n from a normal projective
pair to a normal projective variety, such that −(KX/T + D) is Q-Cartier and f -ample. We
define the Chow-Mumford line bundle (CM line bundle for short) to be the pushforward cycle
λf,D := −f∗(c1(−KX/T −D)n+1).
The main result of this article is the following theorem.
Theorem 1.0.1. Let f : (X,D)→ T be a flat morphism of relative dimension n from a normal
projective pair to a normal projective variety, such that −(KX/T+D) is Q-Cartier and f -ample.
Assume that D does not contain any fibers.
(a) Bigness: If each fiber (Xt,Dt) is klt, the general geometric fibers (Xt,Dt) are uniformly
K-stable, and the variation of f is maximal, then λf,D is big.
(b) Ampleness: If all the geometric fibers (Xt,Dt) are uniformly K-stable, then λf,D is
ample.
Remark 1.0.2. We compare this theorem with the main result of [CP18].
(a) Let f : (X,D) → T be as in Theorem 1.0.1. Then it is proved in [CP18, Theorem 1.13]
that:
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(i) Pseudo-effectivity: If T is smooth and (Xt,Dt) is K-semi-stable for general
geometric fibers Xt, then λf,D is pseudo-effective.
(ii) Nefness: If all fibers Xt are normal and (Xt,Dt) is K-semi-stable for all geometric
fibers, then λf,D is nef.
Hence, combining this result with our main theorem, we obtain a logarithmic version of
[CP18, Theorems 1.2].
(b) In [CP18, Theorem 1.2.(a), Theorem 1.13.(a)], respectively [CP18, Theorem 1.2.(c)], it
is assumed that the very general geometric fiber is K-semi-stable, respectively uniformly
K-stable. By [BL18] and [BLX19], this is equivalent to the seemingly stronger assumption
that the general geometric fiber is K-semi-stable, respectively uniformly K-stable.
(c) Compared to [CP18, Theorem 1.2.(c)], for the bigness statement we use the additional
assumption that all fibers (Xt,Dt) are klt. This hypothesis is natural for applications to
moduli space of K-stable Fano varieties, where the families we consider have klt fibers
(see Theorem 2.2.3).
The study of the CM line bundle is relevant to the construction of the moduli space of
K-stable Fano varieties. It is conjectured that the functor MKssn,v , sending S ∈ Schk to
MKssn,v (S) =

Proper flat morphisms X → S whose geometric fibers
are n-dimensional K-semistable Q-Fano varieties
of volume v, satisfying Kollar’s condition .

is represented by an Artin stack of finite type over k and admits a projective good moduli
space MKpsn,v (in the sense of [Alp13]), whose closed points are in bijection with n-dimensional
K-polystable Q-Fano varieties of volume v, and that the projectivity of MKpsn,v is witnessed by
a multiple of the CM line bundle. A large part of this conjecture is now verified:
Theorem 1.0.3 ([Jia17],[BX18],[ABHLX19],[BLX19]). The moduli functor MKssn,v is an Artin
stack of finite type over k and admits a separated good moduli space MKpsn,v whose k-points
parametrize K-polystable Q-Fano varieties of dimension n and volume v.
The projectivity ofMKpsn,v by means of the CM line bundle is not proved yet. If we restrict to
the subfunctor of smoothable Q-Fano varieties, it is known that the CM line bundle descends
to a big and nef line bundle on the moduli space, and restricts to an ample one on open locus
parametrizing smooth Fano manifolds [LWX18].
Similar results are known about the subfunctor MuKsn,v parametrizing uniformly K-stable
Q-Fano varieties:
Theorem 1.0.4 ([BX18]). The functor MuKsn.v is a separated Deligne-Mumford stack of finite
type over k, and admits a coarse moduli space MuKsn,v that is a separated algebraic space.
It is conjectured that MuKsn,v is quasi-projective, and that a sufficiently divisible multiple of
the CM line bundle descends to an ample line bundle on MuKsn,v .
The moduli functors MKssn,v and MuKsn,v have natural extensions to the logarithmic setting,
although it is not clear yet what the Kollar’s condition should be. The logarithmic versions of
the conjectures are expected to be true. In particular, as a consequence of Theorem 1.0.1 we
have:
Corollary 1.0.5. If M is a proper algebraic space with is the moduli space of some class
of K-semi-stable log Fanos with the uniform K-stable locus Mu ⊆ M being open, then the
normalization of Mu is q quasi-projective scheme over k.
We refer to Section 6.6 for the precise definitions.
2
1.1 Overview of the proof
The proof of the bigness statement is based on the following idea. Let (X,D) → T be a
Q-Gorenstein family of log Fano pairs of maximal variation with uniformly K-stable general
geometric fibers. By [CP18], we know that λf,D is a pseudo-effective divisor. Assume that
the components of D are Q-Cartier. Then for a small perturbation Dǫ of D, the family
(X,Dǫ) → T has the same properties. Hence the perturbed CM line bundle λf,Dǫ remains
pseudo-effective. By understanding the variation of λf,D into λf,Dǫ , we will deduce that λf,D
belongs to the interior of the pseudo-effective cone. If the components of D are not Q-Cartier,
we use techniques from the MMP to run a similar analysis.
1.1.1 Curve base and Q-Cartier coefficients
The variation of λf,D is easy to analyse when the base T is a smooth curve, and all the reduced
components Di of D are Q-Cartier. Notice that
− degλf,D = (−KX/T −D)n+1.
Let Dǫ = D−∑i ǫiDi be a perturbed boundary. Then λf,Dǫ is pseudo-effective for small values
of ǫ, which means deg λf,Dǫ ≥ 0. We calculate this degree as above:
− degλf,Dǫ =
(
−KX/T −D +
∑
i
ǫiD
i
)n+1
= (−KX/T −D)n+1 + (n+ 1)
∑
i
ǫi(−KX/T −D)n.Di +O(ǫ2)
= − deg λf,D + (n+ 1)
∑
i
ǫi(−KX/T −D)n.Di +O(ǫ2)
So for small values of ǫ, the function ǫ 7→ − deg λf,Dǫ behaves like an affine polynomial with
linear coefficients (−KX/T−D)n.Di. Assume that these first-order derivatives (−KX/T−D)n.Di
are all positive. Then deg λf,D cannot be too small in comparison to them, for otherwise
deg λf,Dǫ < 0 for a small value of ǫ.
We estimate these first order derivatives as follows. For positive integers r0, . . . , rN , let
D(r•) = X(r0) ×T
(
D1
)(r1) ×T · · · ×T (DN)(rN )
and L be the Cartier divisor on D(r•) given by the sum of the pullbacks of −KX/T−D restricted
to the different factors. Then the self-intersection of L depends only on (−KX/T − D)n+1,
(−KX/T −D)n.Di and ri (Lemma 7.0.5). Moreover, if r• is suitably chosen, we can infer some
positivity of L from the positivity of the sheaf
det
(
f∗OX(−KX/T −D)⊗
⊗
i
f∗ODi(−KX/T −D)
)
.
The positivity of this determinant sheaf is a consequence of the maximal variation assumption
via Kollar’s ampleness lemma (Proposition 6.2.1). From the positivity of L, we deduce a
positive lower bound for the first-order derivatives (−KX/T −D)n.Di (Proposition 6.3.5).
It is useful to replace −KX/T − D in the argument with a sufficient twist of −KX/T − D
by the pullback of λf,D, since we obtain a nef divisor [CP18, Theorem 1.22]. This replacement
has technical significance, but does not affect the strategy.
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1.1.2 General case
The CM line bundle behaves well with respect to base-change (Proposition 2.4.1); in particular,
it holds that λf,D.C = deg λfC ,DC for a smooth curve C mapping to T . Hence if T has higher
dimension, we can base-change over a general curve C, apply the previous case and obtain
λf,D.C > 0. However, this does not suffice to prove that λf,D is big, as the boundary of the
cone of movable curves of T need not be spanned by classes of movable irreducible curves.
Nevertheless, this strategy still works if we keep a precise track of the positivity.
(a) First we need to estimate the derivatives (−KXC/C −DC)n.DiC . We can construct D(r•)
and L as before, and conclude to some positivity of L. However the base-changeD(r•)×TC
might not be flat over a general curve C, which creates difficulties. Thus we construct
the product from a suitable birational model of X (Notation 6.3.2). Then we use the am-
pleness lemma to estimate the derivatives (Proposition 6.3.5), and we can garantee that
these derivatives do not simultaneously go to zero when [C] gets closer to the boundary
of the movable cone (Lemma 6.3.6).
(b) Once we have a uniform control on the derivatives, we would like to perturb the boundary
D. However the components Di might not be Q-Cartier. Using the techniques of the
MMP, we produce a birational model W of X on which some components become Q-
Cartier, and which remains a Q-Gorenstein family of log Fano pairs of maximal variation
with general geometric fibers (see Proposition 5.0.4 for the precise statement). Then we
are in position to perform the perturbation argument on W (Section 6.4) and conclude.
As the repeated use of birational models suggests, our proof of Theorem 1.0.1 is quite
technical. We emphasize that the core idea is the one presented in Section 1.1.1, and that a
large part of this paper is dedicated to the extension of this idea to the general case.
1.2 Organization of the paper
In Section 2 we gather some notations, recall the characterization of K-stability in terms of
the δ-invariant and discuss base-change of divisors and the definition of the CM line bundle.
The statement of the ampleness lemma is recalled in Section 3, and we gather some facts about
the Knudsen-Mumford expansion in Section 4. In Section 5 we show how to perturb a family
of pairs so that a part of the boundary becomes Q-Cartier, while the other relevant properties
of the family are preserved. Section 6 is devoted to the proof of the main theorems, and the
technical results are gathered in the appendix.
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2 PRELIMINARIES
2.1 Notations and conventions
We follow the standard terminology of [KM98]. A pair (X,D) is the data of a normal
variety X and an effective Q-Weil divisor D such that KX + D is Q-Cartier. We refer to
[KM98, §2.3] for the definition of klt and lc pairs.
A pair (X,D) is Fano if X is projective and −KX −D is ample. A pair (X,D) is weak log
Fano if it is a klt projective pair such that −KX −D is big and nef. A pair (X,D) is log Fano
if it is a klt Fano pair. We say that X is Q-Fano if (X, 0) is log Fano.
If X is a Noetherian variety, an open subset U ⊂ X is called big if X −U has codimension
at least 2 in X.
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A birational proper morphism π : Y → X between projective varieties is called small if the
exceptional locus of π has codimension at least 2.
Definition 2.1.1. Let X be a projective variety. We say that a smooth curve mapping to X
is a general movable curve if it is the normalization of a general curve in a family of curves
covering X.
When fixing a general movable curve, we can always assume that it is not contained in
a proper closed subset of X. By [Laz04, 11.4.C], a Q-Cartier divisor D on X is big (resp.
pseudo-effective) if and only if D.C > 0 (resp. D.C ≥ 0) for every general movable curve
C → X.
Definition 2.1.2. A Q-Gorenstein family of log Fano pairs f : (X,D)→ T is the data of a flat
morphism f : X → T between normal projective varieties, and of an effective Weil Q-divisors
D, such that
(a) the fibers of f are normal and connected,
(b) the support of D does not contain any fiber,
(c) (Xt,Dt) is klt for each t ∈ T (the definition of the restricted divisor Dt is given in
Section 2.3), and
(d) −KX/T −D is an f -ample Q-Cartier divisor.
Definition 2.1.3. Let f : (X,D)→ T be a Q-Gorenstein family of log Fano pairs. Then f has
maximal variation if there is a non-empty dense open subset V ⊂ T such that for every point
t ∈ V , the set {t′ ∈ V | (Xt,Dt) ∼= (Xt′ ,Dt′)} is finite.
Notation 2.1.4. Let X be a normal variety and D a Weil Q-divisor on X. For c ∈ Q, the
c-coefficient part of D is defined to be
Dc :=
∑
coeffED=c
E
where the sum runs through the set of prime Weil divisors E of X. We have D =
∑
c∈Q cDc.
For simplicity, if {c ∈ Q | Dc 6= 0} = {c1, . . . , cm}, we let Di := Dci so that D =
∑m
i=1 ciD
i.
We will also denote by Di the corresponding reduced closed subscheme.
Notation 2.1.5. Let D be a Q-Cartier divisor on a proper k-scheme X of dimension n. We
denote by Dn = (D · · ·D) its self-intersection. If D is ample, we will also write vol(D) = Dn.
If L is a line bundle on X, we denote by c1(L) the associated Cartier divisor. We will write
[c1(L)]m.Dn−m = (c1(L) · · · c1(L)︸ ︷︷ ︸
m times
· D · · ·D︸ ︷︷ ︸
n−m times
).
Notation 2.1.6. Let f : X → T be a morphism of proper k-schemes. We denote by X(m) the
m-times fiber product of X with itself over T . It comes with projection morphisms pi : X
(m) →
X for i = 1, . . . ,m and the structural morphism f (m) : X(m) → T . Given a line bundle L on
X, or a Cartier divisor D on X, we write
L(m) :=
m⊗
i=1
p∗iL, D(m) :=
m∑
i=1
p∗iD.
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2.2 K-stability
In this section, we recall briefly one characterization of the δ-invariant for log Fano pairs,
and its relation with K-stability. We refer to [Fuj19] for the algebraic definition of K-stability
in terms of test configurations.
Consider a n-dimensional weak log Fano pair (X,D). Given a prime divisor E over X, we
let AX,D(E) be the log discrepancy of E with respect to (X,D), and define the quantity
SX,D(E) :=
1
(−KX −D)n
∫ +∞
0
vol(π∗(−KX −D)− xE)dx,
where π : Y → X is a birational model on which E appears.
Definition 2.2.1. Let (X,D) be a log Fano pair. The δ-invariant of (X,D) is given by
δ(X,D) := inf
E
AX,D(E)
SX,D(E)
,
where E runs through the prime divisors over X.
Remark 2.2.2. The original definition of the delta invariant in [FO18] is formulated in terms
of basis-type divisors of the anti-log-canonical linear system. However, the above one is more
convenient for our purpose. The equivalence between the two definitions is proved in [BJ17,
Theorem 4.4] and [CP18, Theorem 4.5].
The relation between the delta invariant and K-stability of log Fano pairs is given by the
following theorem. In this article, we use this characterization as the definition of uniform
K-stability.
Theorem 2.2.3 ([FO18],[BJ17], [Fuj19]). Let (X,D) be a Fano pair.
(a) (X,D) is K-semistable if and only if (X,D) is klt and δ(X,D) ≥ 1.
(b) (X,D) is uniformly K-stable if and only if (X,D) is klt and δ(X,D) > 1.
The next result will be useful in Section 5.
Proposition 2.2.4. Let (X,D) be a weak log Fano pair, and Γ an effective Q-Cartier divisor
supported on Supp(D). Assume that
inf
E
AX,D(E)
SX,D(E)
> 1,
where E runs through the divisors over X. Then for all rational ǫ > 0 small enough,
inf
E
AX,D−ǫΓ(E)
SX,D−ǫΓ(E)
> 1.
Proof. Replacing Γ by a small multiple, we may assume that there is an effective Q-Cartier
divisor Γ′ on X such that Γ + Γ′ ∈ | −KX −D|Q. By assumption, there is an a > 0 such that
AX,D(E) ≥ (1 + a)SX,D(E) for all divisors E. Choose a > a′ > 0 and define the function
f(ǫ) := (1 + a′)(1 + ǫ)n+1
(−KX −D)n
(−KX −D + ǫΓ)n
for ǫ ∈ R. Since limǫ→0 f(ǫ) = 1+ a′, we can fix ǫ0 = ǫ0(a′) > 0 such that for all 0 < ǫ < ǫ0, we
have f(ǫ) < 1 + a. Since we assumed Supp(Γ) ⊂ Supp(D), we can also arrange that D − ǫ0Γ
is effective.
6
Now let E be a divisor over X, appearing on a birational model π : Y → X. For any ǫ > 0
and any x ∈ R+, observe that
vol(π∗(−KX −D + ǫΓ)− xE) ≤ vol(π∗(−KX −D + ǫ(Γ + Γ′))− xE)
= vol((1 + ǫ)π∗(−KX −D)− xE).
Integrating over x, we obtain∫ ∞
0
vol(π∗(−KX −D)− xE)dx ≤
∫ ∞
0
vol((1 + ǫ)π∗(−KX −D)− xE)dx
= (1 + ǫ)n+1
∫ ∞
0
vol(π∗(−KX −D)− xE)dx.
This inequality implies
SX,D(E) ≤ (1 + ǫ)n+1 (−KX −D)
n
(−KX −D + ǫΓ)nSX,DǫΓ(E).
Now take ǫ < ǫ0 and assume that AX,D−ǫΓ(E) ≤ (1 + a′)SX,D−ǫΓ(E). Then we have
AX,D(E) ≤ AX,D(E) + ǫ · ordE(Γ) = AX,D−ǫΓ(E) ≤ (1 + a′)SX,D−ǫΓ(E)
≤ f(ǫ)SX,D(E)
< (1 + a)SX,D(E),
which is a contradiction. Thus AX,D−ǫΓ(E) > (1 + a
′)SX,D−ǫΓ for all ǫ < ǫ0. Since ǫ0 does not
depend on E, the proof is complete.
2.3 Base-change of divisors
Notation 2.3.1. In this subsection, we consider a flat morphism f : X → T between normal
projective varieties, and an effective Weil Q-divisor D on X, such that
(a) the fibers of f are normal and connected,
(b) the support of D does not contain any fiber.
Definition 2.3.2. Let U ⊂ X be the smooth locus of f . By [Kol14, Theorem 4.21], every
Weil divisor on X not containing any component of a fiber is Cartier over U . Moreover U is
relatively big over T , so it is a big open subset of X.
Let u : S → T be a morphism from a normal projective variety S. We define the divisorial
pullback of D along u as follows. The open set US is big in XS . Since D|U is Q-Cartier, we let
the divisorial pullback DS of D along u be the unique Weil Q-divisor extending the Q-Cartier
divisor (D|U )US .
In particular, if t ∈ T is a closed point, then Dt is the unique Weil Q-divisor of Xt extending
the Q-Cartier divisor D|U∩Xt .
It follows from this definition that there is a Q-linear equivalence
KXS/S +DS ∼Q v∗(KX/T +D) (2.3.2.a)
where v : XS → X is the induced morphism, see [CP18, §2.3.1].
Lemma 2.3.3. In the situation of Notation 2.3.1, let S → T be a morphism from a normal
projective variety. If D is Cartier, then the divisorial pullback of D and the pullback of D as
Cartier divisor along σ : XS → X agree.
Proof. If U is the smooth locus of X → T , then σ∗D represents DXS on US by definition. A
Cartier divisor on a normal variety is determined in codimension one, and US is big. Thus σ
∗D
represent the Weil divisor DXS .
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Lemma 2.3.4. In the situation of Notation 2.3.1, there is a dense big open set U ⊆ T over
which all the possible unions of components of D (with the reduced structure) are flat.
Proof. Let E be a union of components of D with the reduced structure. By generic flatness,
the locus of T over which E is flat, is dense open. Pick a codimension one point t ∈ T , and
any x ∈ E such that f(x) = t. The morphism OT,t → OE,x is flat if and only if the uniformizer
π of OT,t is sent to a non-zero-divisor of OE,x. Now if π is a zero-divisor in OE,x, then the
components of Xt passing through x are contained in E. But by assumption Xt is irreducible
and E does not contain any fiber, so this cannot happen. Thus E → T is flat at x. Since x is
arbitrary, we conclude that t ∈ U . Therefore U is big.
Lemma 2.3.5. In the situation of Lemma 2.3.4, there is a dense open set V ⊆ U such that:
(a) for any v ∈ V and c ∈ Q, the divisorial restriction (Dc)v is equal to (Dv)c.
(b) for any v ∈ V and c ∈ Q, the scheme-theoretic fiber Dc × k(v) is equal to the divisorial
restriction (Dc)v with the reduced structure.
Proof. Base-changing if necessary, we may assume that U = T . Given a reduced Weil divisor
E not containing any fiber, we claim that the divisorial restriction Et is reduced for a general
t ∈ T . In view of Definition 2.3.2, we may assume that E is Cartier. Since the claim is local
on X, we may assume that E is actually principal, say cut out by s ∈ O(X). Then OX/(s) is
reduced and flat over T ; thus its fiber OX/(s) ⊗ k(t) over a general t ∈ T is reduced [Gro66,
12.2.1]. This means exactly that the divisor Et is reduced. If E
′ is another reduced divisor not
containing any fiber, such that E and E′ have no common components, by applying the claim
to E + E′ we see that the divisorial restrictions Et and E
′
t have no common component for a
general t ∈ T . Let E run through the coefficient parts Dc of D to obtain the first assertion.
If we consider E as a reduced closed subscheme, the scheme-theoretic fiber E × k(t) has pure
codimension one for all t ∈ T [Har77, III.9.6] and is reduced for a general t ∈ T . Combining
this and the first assertion, we obtain the second assertion.
Corollary 2.3.6. In the situation of Lemma 2.3.5, let C → T be a smooth curve whose image
intersect V . Let Z := X ×T C and DZ =
∑
c∈Q c(DZ)c be the divisorial pullback of D. Then
(DZ)c is the divisorial pullback of Dc for all c ∈ Q.
Proof. We have to check that any two distinct components parts Dc and Dc′ , have distinct
divisorial pullbacks. Since these divisorial pullbacks are horizontal, this can be checked on a
general fiber of Z → C. Since C meets V , the result follows from Lemma 2.3.5.
2.4 The CM line bundle
Let f : X → T be a flat morphism of relative dimension n between normal projective
varieties, let D be an effective Q-divisor on X such that −(KX/T + D) is Q-Cartier and f -
ample. Assume also that the fibers of f are normal and that Supp(D) does not contain any
fiber. Then the Chow-Mumford line bundle is defined by
λf,D := −f∗((−KX/T −D)n+1).
By [CP18, Proposition 3.7], λf,D is a Q-Cartier Q-Weil divisor. It is compatible with base-
change in the following sense:
Proposition 2.4.1. In the above situation, let τ : S → T be a morphism from a normal variety
S. Let fS : XS → S be the induced morphism and DS be the divisorial pullback in the sense of
Section 2.3. Then τ∗λf,D = λfS ,DS .
We refer to [CP18, §3] for the proof and more background.
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3 AMPLENESS LEMMA
Theorem 3.0.1. Let U be a normal k-variety that can be embedded as a big open subset of a
projective variety. Let W,Q1, . . . , Qs be vector bundles on U of respective ranks w, q1, . . . , qs.
Assume that there exist morphisms φi : W → Qi for i = 1, . . . , s which are generically surjective.
Assume also that the classifying map
U(k)→
(
s∏
i=1
Gr(w, qi)(k)
)/
GL(k,w)
is finite-to-one on a dense subset of U . Then for any ample Cartier divisor B on U , there
exists a positive integer m > 0 and a non-zero morphism
Symmq
s2w2⊕
i=1
W
 −→ OT (−B)⊗
(
s⊗
i=1
detQi
)⊗m
where q =
∑s
i=1 qi.
Proof. This result is contained in the proof of [KP17, Theorem 5.1]. More precisely, let W ′ =
⊕si=1W , Q′ = ⊕si=1Qi and φ = ⊕si=1φi. As explained in [KP17, Lemma 5.6], φ is generically
surjective, and there is a dense open set of U where the corresponding classifying map has
finite fibers. Notice that during the proof of [KP17, Theorem 5.5], the assumption of weak
positivity is not used until the last three lines; in particular, the equation (5.5.5) holds without
this assumption. Thus it applies to our setting, and we get a non-zero morphism
Symmq
rank(W ′)⊕
i=1
W ′
 −→ OU (−B)⊗ (detQ′)⊗m
as desired.
4 ABOUT THE KNUDSEN-MUMFORD EXPANSION
We recall a special case of [KM76, Theorem 4]. Let f : X → T be a projective morphism
between Noetherian schemes of relative dimension n. We do not require that f is flat. Let L
be an f -very ample Cartier divisor. Then for every q ≫ 0, there is an isomorphism
det f∗OX(qL) ∼= detRf∗OX(qL) ∼=
n+1⊗
i=0
M⊗(
q
i)
i
whereMi ∈ Pic(T ). We call this expression the Knudsen-Mumford expansion of OX(qL), and
refer to the Mi as the coefficients of the expansion. This isomorphism is moreover functorial:
if S → T is a morphism from a Noetherian scheme, then it holds that
det(fS)∗OXS (qLS) ∼=
n+1⊗
i=0
(Mi)⊗(
q
i)
S , q ≫ 0.
Remark 4.0.1. Let f : X → T be a flat morphism of relative dimension n between normal
projective varieties, let D be an effective Q-divisor on X such that −(KX/T +D) is Q-Cartier
and f -ample. Assume also that the fibers of f are normal and that Supp(D) does not contain
any fiber. Let s be such that s(−KX/T −D) is very ample over T . Then one can show that
−sn+1λf,D = c1(Mn+1),
where Mn+1 is the leading coefficient of the Knudsen-Mumford expansion of s(−KX/T −D).
See [CP18, Proposition 3.7].
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The following proposition characterizes the numerical class of Mn+1 in several situations.
Proposition 4.0.2. Let f : X → T be an equidimensional projective morphism of relative
dimension n between Noetherian proper schemes (we do not require f to be flat). Let A be
an f -very ample Cartier divisor on X, and Mn+1 be the leading coefficient of the Knudsen-
Mumford expansion of OX(A).
(a) Assume that A is nef. For any smooth curve C → T , it holds that Mn+1.C = An+1C .
(b) Assume that A is nef and X is generically reduced. Let X ′ → X be the normalization
morphism and A′ be the pullback of A. Then Mn+1.C = f ′∗((A′)n+1).C for a general
movable curve C → T .
(c) Assume that T is normal and f is flat with normal fibers. Then for any smooth curve
C → T , we have Mn+1.C = f∗(En+1).C = An+1C .
Proof. Fix a smooth curve C → T . In any case, since both qA and qAC are relatively very
ample for q ≫ 0, both sheaves f∗OX(qA) and (fC)∗OXC (qAC) are locally free with vanishing
Ri, i > 0. It follows from the functoriality of the Knudsen-Mumford expansion that
det [f∗OX(qA)] .C = deg det [(fC)∗OXC (qAC)] , q ≫ 0. (4.0.2.b)
With this set-up:
(a) Assume that A is nef. The left-hand side of equation (4.0.2.b) is given by
n+1∑
i=0
(
q
i
)
Mi.C = q
n+1
(n+ 1)!
Mn+1.C +O(qn),
whereMi are the Knudsen-Mumford coefficients of OX(A). Now consider the right-hand
side of the same equation. By Riemann-Roch, for q large enough we have
h0(X,OXC (qAC)) = deg det [(fC)∗OXC (qAC)] + χ(C,OC ) · rk (fC)∗OXC (qAC).
Since AC is nef, we have
h0(X,OXC (qAC)) =
qn+1
(n+ 1)!
An+1C +O(q
n)
by [Kol96, VI.2.15]. Since the fibers of f are n-dimensional, (q 7→ rk (fC)∗OXC (qAC)) is
a polynomial in q of degree at most n. Hence
deg det [(fC)∗OXC (qAC)] =
qn+1
(n+ 1)!
An+1C +O(q
n).
It follows by comparing the leading coefficients in (4.0.2.b) that An+1C =Mn+1.C.
(b) Assume that A is nef and X generically reduced. The normalization morphism X ′ → X
is finite, so A′ is nef and relatively ample over T . Say that sA′ is relatively very ample for
some s > 0, and letM′n+1 be the leading coefficient of the Knudsen-Mumford polynomial
of OX′(sA′). SinceX is generically reduced, the normalization X ′ → X is an isomorphism
away from a closed subset Z ( X. If C → T is a smooth curve which intersects f(X−Z),
the pullback morphism (X ′)C → XC is birational. Using the first assertion, we obtain
that
Mn+1.C = An+1C = (A′)n+1C = s−n−1M′n+1.C.
By [CP18, Lemma A.2] it holds thatM′n+1 = f ′∗(sA′)n+1, so the second assertion follows.
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(c) Assume that T is normal and f is flat with normal fibers. Then both X and XC are
normal. It follows from [CP18, Lemma A.2] that for q ≫ 0
det f∗OX(qA) = q
n+1
(n+ 1)!
f∗(A
n+1) +O(qn)
and
det(fC)∗OXC (qAC) =
qn+1
(n+ 1)!
(fC)∗(A
n+1
C ) +O(q
n)
in the Chow rings of T and C respectively. It follows that Mn+1 = f∗(An+1), and by
intersecting with C that
Mn+1.C = f∗(An+1).C = deg(fC)∗(An+1C ) = En+1C
as claimed.
5 PERTURBATION OF THE FAMILY
Consider a Q-Gorenstein family (X,D) → T of log Fano pairs of maximal variation, with
uniformly K-stable general fibers. We show in Proposition 5.0.4 that we can find a model of
(X,D) with the same properties over T , and on which some components of the boundary D
are Q-Cartier.
We need a few preliminary lemmas. For the first one, we use the terminology of [BCHM10].
Lemma 5.0.1. Let f : X → T be a projective morphism between quasi-projective normal va-
rieties. Let D be an effective Q-Cartier Q-divisor on X such that (X,D) is (klt) weak log
Fano over T . Assume that D1, . . . ,Dm are effective Q-Cartier Q-divisors on X with supports
contained in the support of D. Then there exists a polyhedron P ⊂ Rm with the following
properties:
(a) P contains the origin, and its interior int(P ) is contained in (R>0)
m; and
(b) for every rational vector (ǫ1, . . . , ǫm) ∈ int(P ), the log canonical models of (−KX −D +∑
i ǫiDi) over T have isomorphic underlying variety.
Proof. Fix a general very ample divisor A on X, which has no component in common with
D. Since X is of Fano type over T , there is a Q-boundary ∆ such that (X,∆) is klt, ∆ is big
over T and a(−KX −D − A) ∼Q,T KX +∆ for some small rational a > 0. Replacing A by a
general member of its linear system, we may assume that (X,∆+ aA) is also klt [KM98, 5.17].
Notice that KX +∆+ aA+
∑
i ǫiDi ∼Q,T a(−KX −D)+
∑
i ǫiDi. So a log canonical model of
(X,∆+aA+
∑
i ǫiDi) over T is also a (−KX −D+
∑
i ǫiDi)-log canonical model of X over T .
Therefore it is equivalent to prove that for ǫi as in the statement, the pairs (X,∆+aA+
∑
i ǫiDi)
have a log canonical model over T whose underlying variety is isomorphic.
Let us write A′ := aA and define the affine cone V := ∆ +
∑
iR+Di in Weil(X)R. Since
(X,∆ + A′) is klt, there is an open Euclidean neighborhood U of ∆ ∈ V such that for all
Γ ∈ U , the pair (X,Γ + A′) is klt. Also, since KX + ∆ + A′ ∼Q,T a(−KX − D) is big over
T , we may shrink U so that KX + Γ + A′ is big over T for all Γ ∈ U . With the notations of
[BCHM10, 1.1.4], this implies that U ⊂ EA′,f (V ). Combining Corollary 1.1.5 and Theorem E
of [BCHM10], we obtain that there are finitely birational contractions ψi : X 99K Zi over T ,
i = 1, . . . , n, and a decomposition
EA′,f (V ) =
n⋃
i=1
Wi
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where each Wi =Wψi,A′,f (V ) is a rational polytope, such that for each Γ ∈ Wi, the underlying
variety of a weak log canonical model of (X,Γ +A′) over T is isomorphic to Zi.
By [BCHM10, Theorem 1.2], for every Γ ∈ U the pair (X,Γ+A′) has a log canonical model over
T . Since relative log canonical models are in particular relative weak log canonical models, we
obtain that the underlying variety of a log canonical model of (X,Γ+A′) is isomorphic to one
of the Zi. The decomposition of EA′,f (V ) induces a finite decomposition of U . Thus we may
find a polyhedron P ⊂ Rm containing the origin, with non-empty interior int(P ) ⊂ (R>0)m
such that  ⋃
(ǫ1,...,ǫm)∈int(P )
∆+
∑
i
ǫiDi
 ⊂ U ∩Wi
for some i. This finishes the proof.
Lemma 5.0.2. Let (X,D) → T be a Q-Gorenstein family (X,D) → T of log Fano pairs of
maximal variation. Write D =
∑
i ciD
i as in Notation 2.1.4. Then there is a rational number
r > 0 such that for all i such that Di is Q-Cartier, and all rational ǫ ∈ (−r; r), the family
(X,D + ǫDi)→ T has maximal variation.
Proof. Take r = mini 6=j{12 |ci − cj |}.
Lemma 5.0.3. Let f : (X,D)→ T be a flat equidimensional morphism from a normal projec-
tive pair to a smooth projective variety. Assume that every fiber (Xt,Dt) is klt. Then:
(a) (X,D) is klt, and
(b) for any closed point t ∈ T , if H1, . . . ,Hd (d = dimT ) are general Cartier divisors such
that
⋂
iHi = {t}, then (X,D +
∑
i f
∗Hi) is dlt.
Proof. Let t ∈ T be a closed point, and let H1, . . . ,Hd (d = dimT ) be general Cartier divisors
on T such that
⋂
iHi = {t}.
To begin with, we prove that (X,D) is klt. Indeed, we can choose the H1, . . . ,Hd−1 in a
general linear system, so the iterated hyperplane sections Xm :=
⋂m
i=1 f
∗Hi are normal varieties
[Sei50] for m ≤ d−1. By inversion of adjunction, since (Xt,Dt) is assumed to be klt, we obtain
that (Xd−1,D|Xd−1 + f∗Hd) is plt along Xt [KM98, Theorem 5.50]. Hence (Xd−1,D|Xd−1) is
klt along Xt. We repeat this argument to obtain that (X,D) is klt along Xt. The choice of t
was arbitrary, so we conclude that (X,D) is klt.
Using inversion of adjunction for lc pairs [Kol13, Theorem 4.9], a similar argument shows
that (X,D +
∑
i≤m f
∗Hi) is lc for all m ≤ d.
We can be more precise about the singularities of (X,D +
∑d
i=1 f
∗Hi): we claim that the
pair is dlt if the Hi are suitably chosen. Indeed, we can choose the Hm inductively with the
property that
for each I ⊆ {1, . . . ,m}, the intersection XI :=
⋂
i∈I
f∗Hi is irreducible and normal.
Each of these conditions is satisfied for a general Hm passing through t, except for the condition
on Hd that
⋂d
i=1 f
∗Hi = Xt is irreducible and normal. But this is satisfied for any choice of
Hd, since Xt is assumed to be irreducible and normal.
Notice that (X,D +
∑d
i=1 f
∗Hi) is snc at every generic point of the X
I . Moreover, by a
similar argument to above, every pair (XI ,D|XI ) is klt.
Now let E be an exceptional divisor over X whose center cX(E) does not belong to the snc
locus of (X,D +
∑
i f
∗Hi). Let J := {i | cX(E) ∈ Supp(f∗Hi)}. If J = ∅, then a(E;X,D +∑
i f
∗Hi) = a(E;X,D) > −1. If J is non-empty, then cX(E) defines a point of codimension
≥ 1 in XJ , not contained in any Supp(f∗Hi|XI ) for i /∈ J . If a(E;X,D +
∑d
i=1 f
∗Hi) ≤ −1,
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then by a repeated application of [Kol13, Theorem 4.9.3] we obtain a divisor EJ over XJ such
that −1 ≥ a(EJ ;XJ ,D|XJ +
∑
i/∈J f
∗Hi) = a(E
J ;XJ ,D|XJ ). This is a contradiction, since
(XJ ,D|XJ ) is klt. This shows that (X,D +
∑
i f
∗Hi) is dlt.
Proposition 5.0.4. Let f : (X,D)→ T be a Q-Gorenstein family of log Fano pairs of maximal
variation with uniformly K-stable general geometric fiber. Assume that T is smooth. Then there
exists a positive number r > 0 with the following property. For every coefficient part Γ := Di
of D (as in Notation 2.1.4), there exists a small proper birational morphism ν : W → X such
that:
(a) the strict transform ΓW of Γ is Q-Cartier, and
(b) for any rational 0 < ǫ < r, the family (W,DW − ǫΓW ) → T is a Q-Gorenstein family
of log Fano pairs of maximal variation with uniformly K-stable general geometric fibers.
(Here DW denotes the strict transform of D.)
Proof. Since there are finitely many coefficient part of D, we only need to prove the result for
a fixed Γ.
We construct ν : W → X, using the technique of dlt blow-up (see [PX17, §2.4]).
◦ The pair (X,D) is klt by Lemma 5.0.3, so by [Kol13, Corollary 1.37] there is a small proper
birational morphism µ : Y → X where Y is a Q-factorial projective variety. Denote by
DY the strict transform of D, and ΓY the strict transform of Γ. We have
µ∗(KX +D) ∼Q KY +DY .
◦ For ǫ > 0, run a (−KY −DY +ǫΓY )-MMP over X to obtain a relative log canonical model.
By Lemma 5.0.2, this model W is the same for all 0 < ǫ≪ 1. Denote by p : Y 99K W the
induced morphism and DW := p∗DY ,ΓW := p∗ΓY .
Our construction is pictured by the following diagram:
(Y,DY ,ΓY ) (W,DW ,ΓW )
(X,D,Γ)
T
µ
p
ν
gf
We must show that for small ǫ > 0, the morphism (W,DW − ǫΓW )→ T is flat between normal
projective varieties, of maximal variation, with (klt) log Fano fibers and uniformly K-stable
general geometric fibers, and that ΓW is Q-Cartier. First we establish the global properties of
W and ΓW .
◦ The morphism ν : W → X is small. Indeed, µ is small and p extracts no divisors. Notice
that DW is equal to the strict transform of D.
◦ Since W is the end product of an MMP, it is normal. Moreover, since ν is small and
(X,D) is klt by Lemma 5.0.3, (W,DW ) is klt and hence W is Cohen-Macaulay.
◦ The Q-divisor ΓW is Q-Cartier. Indeed, p∗(−KY −DY + ǫΓY ) = −KW −DW + ǫΓW is
Q-Cartier by construction. It holds that ν∗(−KX−D) = −KW−DW , and so −KW−DW
is also Q-Cartier. Therefore ΓW is Q-Cartier.
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◦ Let ǫ be a rational number. We have
ǫΓY ≡X −KY − (DY − ǫΓY )
and thus
ǫΓW ≡X −KW − (DW − ǫΓW )︸ ︷︷ ︸
ample over X
Hence ΓW is a Q-Cartier Q-divisor which is ample over X. Furthermore,
−KW − (DW − ǫΓW ) = p∗(−KY − (DY − ǫΓY ))
= p∗(p
∗ν∗(−KX −D) + ǫΓY )
= ν∗(−KX −D) + ǫΓW .
Now by [Pat15, Lemma 2.4],
−KW + g∗KT = −KW/T , −KX + f∗KT = −KX/T
Hence
−KW/T − (DW − ǫΓW ) = ν∗(−KX/T −D) + ǫΓW
and therefore −KW/T −DW + ǫΓW is ample over T for 0 < ǫ≪ 1.
Now we study the morphism W → T .
◦ By Stein factorization, the fibers of ν are connected. Since the fibers of f are irreducible,
we deduce that g has connected fibers.
To establish some properties of the fibersWt, we work in a neighborhood of an arbitrary closed
point t ∈ T . Let H1, . . . ,Hd be general Cartier divisors such that
⋂
iHi = {t}.
◦ Since ν is small, it is an isomorphism over the snc-locus of (X,D +∑i f∗Hi) [Deb01,
1.40]. Since (W,DW +
∑
i≤m g
∗Hi) is crepant to (X,D +
∑
i≤m f
∗Hi), we obtain from
Lemma 5.0.3 that (W,DW +
∑
i g
∗Hi) is dlt. Notice that (W,DW +
∑
i g
∗Hi) is also lc
[KM98, 2.31.3].
◦ From [Kol13, 4.16.2] we deduce that every irreducible component of Wt =
⋂d
i=1 g
∗Hi is
normal of codimension d. Assume that Wt has at two different components; by connect-
edness of the fibers of W → T , the two components must intersect, and the intersection
is a union of lc centers of (W,DW +
∑d
i=1 g
∗Hi) [Kol13, 4.20.2]. This contradicts [Kol13,
4.16.1]. So Wt is irreducible and normal of codimension d.
◦ Since W is Cohen-Macaulay, T smooth and the fibersWt equidimensional, the morphism
g : W → T is flat [Mat89, 23.1].
◦ Assume that some fiber Wt is contained in the support of DW . Since Wt dominates Xt
and DW dominates D, we obtain that Xt is contained in the support of D, which is
impossible. Thus Supp(DW ) contains no fibers of W → T .
Finally we study the pairs (Wt, (DW − ǫΓW )t).
◦ Fix a closed point t ∈ T . For a general choice of H1, . . . ,Hd cutting t on T , we know
that (W,DW +
∑
i g
∗Hi) is dlt. By [Kol13, 4.19], we obtain that the pair (Wt, (DW )t)
is dlt. Since ⌊(DW )t⌋ = 0, we obtain that (Wt, (DW )t) is klt [KM98, 2.41]. Hence
(Wt, (DW − ǫΓW )t) is klt for every 0 < ǫ = ǫ(t)≪ 1.
◦ The property of being klt is open on the base and T is quasi-compact. Thus if 0 < ǫ≪ 1,
for every t ∈ T the fiber (Wt, (DW − ǫΓW )t) is klt.
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◦ Since µ is small, for a general t ∈ T the morphism Wt → Xt is small and (DW )t is the
strict transform of Dt. Fix one such t for which (Xt,Dt) is uniformly K-stable. Then for
every prime divisor E over Wt, we have
AWt,(DW )t(E) = AXt,Dt(E), AWt,(DW )t(E) = SXt,Dt(E),
so by Theorem 2.2.3 we have
inf
E
AWt,(DW )t(E)
SWt,(DW )t(E)
= inf
E
AXt,Dt(E)
SXt,Dt(E)
= δ(Xt,Dt) > 1.
Moreover (Wt, (DW )t) is a weak log Fano pair. Thus we may apply Proposition 2.2.4 to
obtain that
δ(Wt, (DW )t − ǫΓt) = inf
E
AWt,(DW )t−ǫΓt(E)
SWt,(DW )t−ǫΓt(E)
> 1,
for all ǫ > 0 small enough. Since (Wt, (DW )t − ǫΓt) is a log Fano pair, we conclude by
Theorem 2.2.3 that (Wt, (DW )t − ǫΓt) is uniformly K-stable for all ǫ > 0 small enough.
By the openess of the uniform K-stable locus [BL18, Theorem 6.8], we conclude that: for
all 0 < ǫ≪ 1, the general fiber of the family (W,DW − ǫΓW )→ T is uniformly K-stable.
◦ For a general t ∈ T , the pair (Xt,Dt) is a log canonical model of (Wt, (DW )t). Thus
(Wt, (DW )t) ∼= (Wu, (DW )u) implies that (Xt,Dt) ∼= (Xu,Du). Moreover by Lemma 5.0.2,
for ǫ small enough, (Wt, (DW −ǫΓW )t) ∼= (Wu, (DW −ǫΓW )u) if and only if (Wt, (DW )t) ∼=
(Wu, (DW )u). Therefore (W,DW − ǫΓW )→ T has maximal variation for 0 < ǫ <≪ 1.
This shows that (W,DW − ǫΓW ) → T has the required properties for all rational numbers
0 < ǫ≪ 1.
6 PROOF OF THE MAIN RESULTS
We divide the proof of the main results in several steps. In Section 6.1, we set-up the
notational framework of the proof. The argument using the ampleness lemma is given in
Section 6.2. The estimates of the derivatives (see Section 1.1) is obtained in Section 6.3, and
the perturbation argument is given in Section 6.4.
6.1 General notations
Notation 6.1.1. Let T be a smooth variety and f : (X,D =
∑N
i=1 ciD
i) → T be a Q-
Gorenstein family of log Fano pairs of maximal variation with uniformly K-stable general
geometric fibers. We introduce the following additional notations, and shall use them for the
rest of this section.
(a) Let n := dimX − dimT and v := ((−KX/T −D)t)n. We write δ := δ(Xη¯ ,Dη¯) where η is
the generic point of T . Then δ is the very general value of δ(Xt,Dt) [CP18, Proposition
4.14].
(b) We let λf,D := −f∗(c1(−KX/T −D)n+1) be the CM line bundle provided by the family
(X,D)→ T .
(c) The restrictions of the morphism f to the support of the Di (with the reduced structure)
are denoted fi : D
i → T . We also write D0 = X and f0 = f . Notice that each fi is
surjective.
(d) Fix a rational number α > max{1, δ(δ−1)v(n+1)}.
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Notation 6.1.2. In the situation of Notation 6.1.1, let ι : C → T be a smooth curve. Form
the Cartesian square
Z X
C T
σ
h f
ι
Note that Z is normal because the fibers of h are normal. Let DZ be the divisorial pullback of
D, with coefficient parts DiZ (see Definition 2.3.2; it is more convenient for the proof to write
DZ instead of DC). According to (2.3.2.a) and to Proposition 2.4.1, we have
KZ/C +DZ ∼Q σ∗(KX/T +D), ι∗λf,D = λh,DZ . (6.1.2.c)
6.2 Application of the ampleness lemma
Proposition 6.2.1. In the situation of Notation 6.1.1, let M := −KX/T − D + 2αf∗λf,D.
Then for r divisible enough, there exists a positive integer d such that the line bundle⊗
i≥0
det(fi)∗ODi(drM)
is big on T .
Proof. The argument is very similar to [CP18, §9.4] and to [KP17, Theorem 7.1.1]. We let
V ⊆ U be the open subsets of T given by Lemma 2.3.4 and Lemma 2.3.5. By the maximal
assumption, shrinking V if necessary, we may assume that the isomorphism classes of fibers of
(X,D) ×T V → V are finite.
If r is a fixed integer divisible by the Cartier index of M , for an arbitrary d ∈ Z we write
Md := OX(dr(−KX/T −D + 2αf∗λf,D)), MDid :=Md|Di .
We choose an integer r ≥ 2 such that for every d > 0:
(a) −dr(KX/T +D) and drαλf,D are Cartier;
(b) Md = OX(dr(−KX/T −D + 2αf∗λf,D)) is f -very ample;
(c) Rjf∗Md = 0 for all j ≥ 1;
(d) for each i ≥ 1: (Rj(fi)∗MDir )|V = 0 for all j ≥ 1;
(e) for each i ≥ 1: (f∗M1)|V → ((fi)∗MDi1 )|V is surjective.
These conditions imply that f∗M1 and ((fi)∗MDi1 )|V are locally free and compatible with
base-change. In particular,
(e) if s := rk f∗Mr, then s = h0(Mr|Xt) for all t ∈ T .
We may also assume that:
(f) the multiplication maps
Symdf∗M1 → f∗Md and Symd(f∗M1)|V → ((fi)∗MDid )|V
are surjective.
Now that r is chosen, we can find d > 0 such that:
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(g) For all t ∈ T , the kernel
Kt := ker
[
SymdH0(M1|Xt) −→ H0(Md|Xt)
]
generates It(d), where It is the ideal sheaf of Xt for the embedding
ϕM1|Xt : Xt →֒ P
s−1.
Here ϕM1|Xt is only defined up to the action of GLs(k) on the target. Hence, writing
w := rk Symdf∗M1 and q0 := rk f∗Md, we see that the orbit of Kt in Gr(w, q0)/GLs(k)
determines the projective embedding of Xt up to linear automorphisms of P
s−1.
(h) Similarly, for all v ∈ V and i ≥ 1, the kernel
KD
i
t := ker
[
SymdH0(M1|Xv ) −→ H0(MDid |(Di)v)
]
generates Iv,i(d), where Iv,i is the ideal sheaf of (Di)v for the embedding
ϕ
M
Di
1 |(Di)v
: (Di)v →֒ Xv
ϕM1|Xv−→ Ps−1,
Here ϕ
M
Di
1 |(Di)v
is only defined up to the action of GLs(k). Hence, writing qi :=
rk ((fi)∗MDid )|V , we see that the orbit of KDit in Gr(w, qi)/GLs(k) determines the pro-
jective embedding of (Di)t up to linear automorphisms of P
s−1.
Having choosen r and d with these properties, we let
W := Symd(f∗M1)|U , Q0 := (f∗Md)|U , Qi :=
(
(fi)∗MDid
) ∣∣∣
U
(i ≥ 1).
The sheaves W and Q0 are locally free by construction. For i ≥ 1, the sheaf (fi)∗MDid is
torsion-free, hence locally free at codimension one points. Since it is locally free over V , we
may restrict U , but keeping it a big open set, so that Qi becomes locally free for all i ≥ 0.
By construction, on U there are morphisms W → Qi for i ≥ 0 which are surjective over V .
We claim that the corresponding classifying map
ξ : U(k) −→
∏
i≥0
Gr(w, qi)(k)
/GL(s, k)
is finite-to-one over V (k) (here GLs(k) acts diagonally). Fix t ∈ V (k). For t′ ∈ V (k), the
equality ξ(t) = ξ(t′) holds if and only if: Xt and Xt′ have isomorphic embeddings into P
s−1,
and that under this isomorphism (Di)t is sent to (Di)t′ , for every i ≥ 1. As explained at the
beginning of the proof, there are only finitely many such t′. Thus ξ is finite-to-one on V (k).
Hence by Theorem 3.0.1, given an ample line bundle B on T , there is a non-zero morphism
Symqm
(
w⊕
i=1
Symd(f∗M1)
) ∣∣∣
U
→ OU (−BU )⊗
⊗
i≥0
(
det(fi)∗MDid
)⊗m∣∣∣
U
for some integer m > 0. Since U is a big dense open subset of T , and since both sides are
restrictions of reflexive sheaves, this map extends to a non-zero morphism
Symqm
(
w⊕
i=1
Symd(f∗M1)
)
→ OT (−B)⊗
⊗
i≥0
(
det(fi)∗MDid
)⊗m (6.2.1.d)
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Notice that as the right-hand side is a line bundle, this map is generically surjective.
Now let ι : C → T be a general curve. We use the notations of Notation 6.1.2. As f∗M1 is
compatible with base-change, we obtain
ι∗f∗M1 ∼= h∗OZ(σ∗rM) ∼= h∗OZ(r(−KZ/C −DZ + 2αh∗λh,DZ )).
As C is general, the general geometric fiber of (Z,DZ) → C is uniformly K-stable. Thus by
[CP18, Theorem 1.22], the divisor −KZ/C − DZ + 2αh∗λh,DZ is h-ample and nef. Moreover,
since we can write
r(−KZ/C−DZ+2αh∗λh,DZ ) = KZ/C+DZ+(r + 1)(−KZ/C −DZ + αh∗λh,DZ ) + (r − 1)αh∗λh,DZ ,︸ ︷︷ ︸
nef and h-ample
we may apply [CP18, Proposition 6.3] to obtain that ι∗f∗M1 is nef. Hence the pullback of
Symqm
(⊕w
i=1 Sym
d(f∗M1)
)
to C is also nef. By generality of C, the restriction of (6.2.1.d) to
C is generically surjective, so we obtain that OT (−B)
∣∣∣
C
⊗
(⊗
i≥0
(
det(fi)∗MDid
)⊗m) ∣∣∣
C
is nef.
This shows that the line bundle OT (−B) ⊗
⊗
i≥0 (det(fi)∗ODi(drM))⊗m is pseudo-effective.
The conclusion follows as B is ample.
6.3 Estimation of the derivatives
Notation 6.3.1. In the situation of Notation 6.1.1:
(a) We keep the notation M := −KX/T −D + 2αf∗λf,D used in Proposition 6.2.1;
(b) According to Proposition 6.2.1, we can fix a positive integer q such that the divisor qM
is Cartier and such that the line bundle
⊗
i≥0 det(fi)∗ODi(qM) is big.
(c) We write N = OX(qM) and NDi = N|Di .
(d) If C → T is a smooth curve and Z = X×TC as in Notation 6.1.2, then we let NZ := σ∗N .
Recall from (6.1.2.c) that NZ ∼= OZ(q(−KZ/C −DZ + 2αh∗λf,DZ )), and this line bundle
is nef if C meets the locus of uniformly K-stable fibers [CP18, Theorem 1.22].
We aim to give a lower bound to the intersection numbers [c1(NZ)]dimDiZ .DiZ . As explained
in Section 1.1, the idea is to construct a product D(r•) over T and then base-change over a
general curve. In view of Lemma 7.0.5, we want the pullback of D(r•) to be flat over the curve.
Hence it would be convenient that the restricted morphisms Di → T are flat already. To
achieve this, we pass to a birational model of X. Unfortunately this makes the notation quite
cumbersome.
Notation 6.3.2. In the situation of Notation 6.3.1. Let ri (i = 0, . . . , N) be the generic ranks
of (fi)∗NDi .
(a) We let
D(r•) :=
(
D0
)(r0) ×T · · · ×T (DN)(rN ) .
The projection morphism from D(r•) to the ith Dj-factor is denoted by pij : D(r•) → Dj.
We denote
D
(r•)
red :=
(
D(r•)
)
red
, D(r•)norm := normalization of D
(r•)
red .
We define the line bundles
N (r•) =
⊗
i,j
(
pij
)∗NDj
and
N (r•)red := pullback of N (r•) to D(r•)red , N (r•)norm := pullback of N (r•) to D(r•)norm.
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(b) Next fix a small Q-factorial proper model µ : Y → X. There exists one since X has a klt
structure; see the first step of Proposition 5.0.4. Denote by DY =
∑N
i=1 ciD
i
Y the strict
transform of D. Let µi : DiY → Di be the induced birational morphisms, with µ0 = µ.
We write
D
(r•)
Y :=
(
D0Y
)(r0) ×T · · · ×T (DNY )(rN ) .
The projection morphism from D
(r•)
Y to the i
th DjY -factor is denoted by p
ij
Y : D
(r•)
Y → DjY .
We define the line bundles
NDiY := (µi)∗ND
i
and
N (r•)Y =
⊗
i,j
(
pijY
)∗
ND
j
Y
Y .
(c) If ι : C → T is a smooth curve, we denote by YC , respectively DiYC ,D
(r•)
YC
,N (r•)YC , µiC , p
ij
YC
,
the scheme-theoretic pullbacks of Y , respectively DiY ,D
(r•)
Y ,N (r•)Y , µi, pijY along ι. Notice
that
D
(r•)
YC
= D
(r•)
Y ×T C =
(
D0YC
)(r0) ×C · · · ×C (DNYC)(rN )
and that the projection morphisms D
(r•)
YC
→ DjYC are exactly the p
ij
YC
. Notice also that if
ND
j
YC is the pullback of NDjY along DjYC → D
j
Y , then
N (r•)YC ∼=
⊗
i,j
(
pijYC
)∗NDjYC .
The construction of parts (a) and (b) is summarized by the following diagram, where the arrow
D
(r•)
Y → D(r•)red exists by Lemma 6.3.3(c).
(
DjY ,ND
j
Y
) (
D
(r•)
Y ,N (r•)Y
) (
D
(r•)
norm,N (r•)norm
)
(
D
(r•)
red ,N (r•)red
)
(
Dj,NDj
) (
D(r•),N (r•))
µj
pij
Y
µ(r•)
pij
Next we establish some properties of these product varieties and these product line bundles.
Lemma 6.3.3. In the situation of Notation 6.3.2:
(a) D(r•) is equidimensional over T , and every component dominates T ; moreover there is a
big open set of T over which D(r•) is flat and reduced;
(b) D
(r•)
Y is reduced, flat and equidimensional over T , and every components dominates T ;
(c) µ
(r•)
Y : D
(r•)
Y → D(r•) factors through D(r•)red ;
(d) µ(r•) is an isomorphism over each generic point of D(r•), and every component of D
(r•)
Y
dominates a component of D(r•);
(e) D
(r•)
YC
is flat equidimensional over C, and it is reduced if C is general.
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Proof. Assertion (a) is proved in [KP17, Lemma 7.11], and assertion (c) will follow immediately
from assertion (b).
Next observe that the pair (X,D) is klt by Lemma 5.0.3, so (Y,DY ) is klt and hence Y
is Cohen-Macaulay. The divisors DiY are Q-Cartier because Y is Q-factorial, so each D
i
Y is
also Cohen-Macaulay [KM98, 5.25]. Hence all morphisms DiY → T are flat [Mat89, Theorem
23.1]. This implies that the morphism D
(r•)
Y → T is flat. The fibers of D(r•)Y → T have the
same dimension, so the morphism is equidimensional. If one component of D
(r•)
Y does not
dominate T , then it belongs to the non-flat locus, which is empty. The generic fiber if reduced,
so Lemma 7.0.3 implies that D
(r•)
Y is reduced. This proves the assertion (b), and assertion (e)
is proved similarly.
To conclude, we must prove assertion (d). Let V ⊆ X be the open subset over which
µ : Y → X is an isomorphism. Since X is normal, V is big. Thus Vi := V ∩Di is dense in Di
for all i. So µ(r•) is an isomorphism over the open set V := V (r0)×T V (r1)1 ×T · · ·×T V (rN )N ⊂ D(r•).
Let K(T ) be the function field of T . Then (Vi)K(T ) is dense in (D
i)K(T ) for all i, so VK(T ) is a
dense open set in the product
(
D(r•)
)
K(T )
. Since every component of D(r•) dominates T , every
generic point of D(r•) lifts to D
(r•)
K(T ) and must belong to VK(T ). This shows that V is dense in
D(r•), and so µ(r•) is an isomorphism over each generic point of D(r•). A component of D
(r•)
Y
that is contracted by µ(r•) must belong to a product of the form
(
D0Y
)(r0) ×T · · · ×T (DNY )(rN )
with one factor DiY replaced by D
i
Y −f−1i Vi. Such a product has dimension strictly smaller than
D
(r•)
Y , so by equidimensionality no component is contained in it. So assertion (d) follows.
Lemma 6.3.4. In the situation of Notation 6.3.2,
(a) N (r•)norm is relatively ample over T and pseudo-effective;
(b) for a general movable curve C → T , the line bundle N (r•)YC is nef.
Proof. Let U ⊂ T be a non-empty open subset with the property that for all t ∈ T , the pair
(Xt,Dt) is uniformly K-stable. Let C → T be a smooth curve whose image intersects U . Denote
by NZ the pullback of N on Z = X×T C, and DiC = Di×C T . Then by [CP18, Theorem 1.22],
NZ and NDiC = NZ |Di
C
are nef. Thus the product line bundle
N (r•)Z =
⊗
i,j
(
pijC
)∗NDiC
on D(r•) ×T C, is nef. By definition N (r•)YC is a pullback of N
(r•)
Z , so it is also nef. This proves
the second assertion.
By construction, the line bundleN (r•) is relatively ample. Let C˜ → D(r•) be a smooth curve
that meets g−1U . If C˜ is contracted by g, then N (r•).C˜ > 0 by relative ampleness. Otherwise,
let C → T be the normalization of g(C˜). Then C˜ → D(r•) factors through D(r•)×T C, on which
the pullback of N (r•) is nef. Thus C˜.N (r•) ≥ 0. This shows that N (r•) is pseudo-effective. Since
N (r•)norm is the pullback of N (r•) through the finite morphism D(r•)norm → D(r•), the first assertion
follows.
We are now ready to estimate the intersection numbers [c1(NZ)]dimDiZ .DiZ (where Z =
X ×T C). The first part of the proof is similar to the proof of [KP17, 7.1.1].
Proposition 6.3.5. In the situation of Notation 6.3.2, there are an ample Cartier divisor A on
some component of D
(r•)
Y and a numerical constant e = e(X,D, q) with the following property:
for every general movable curve C → T , it holds that
e(N + 1) · vol(AC) ≤
N∑
j=0
[c1 (NZ)]dimD
j
Z .DjZ .
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In particular, for every general movable curve C → T ,
∃ j = j(C) ≥ 0 : [c1 (NZ)]dimD
j
Z .DjZ ≥ e · vol(AC). (6.3.5.e)
Proof. We denote by g : D(r•) → T , gred : D(r•)red → T and gnorm : D(r•)norm → T the structural
morphisms. By Lemma 6.3.3, the morphism D(r•) → T is equidimensional and every com-
ponent dominates T . Thus gred : D
(r•)
red → T and gnorm : D(r•)norm → T are also equidimensional
morphisms, and every component of D
(r•)
red ,D
(r•)
norm dominates T .
By Lemma 6.3.3 and by the proof of Proposition 6.2.1, there is a big open subset U ⊆ T
over which D(r•) is flat and reduced, and the sheaves (fi)∗
(
NDi
)
|U are locally free. Let
U0 := g−1U . Since U0 is reduced, it embeds as an open subset of D
(r•)
red . Therefore the open
set U0 is big in D
(r•)
red and meets every component, and so the preimage of U
0 in D
(r•)
norm is big
and meets every components.
(D
(r•)
norm,N (r•)norm)
(D
(r•)
red ,N (r•)red )
U0 (D(r•),N (r•))
U T
g
Let us write L :=⊗i≥0 det(fi)∗NDi . On U , there is an embedding
L|U →֒
⊗
i≥0
ri⊗
j=1
(fi)∗
(
NDi |U
) ∼= (g|U0)∗ (N (r•)|U0)
where the first arrow is given by the natural embedding of det into the appropriate tensor
power, and the isomorphism is given by [KP17, Lemma 3.6]. By adjunction, we obtain a
morphism
(gred|U0)∗L|U = (g|U0)∗L|U −→ N (r•)|U0 = N (r•)red |U0 . (6.3.5.f)
Since U0 dominates T , the map (6.3.5.f) is non-zero. We may pull back this map to the
normalization D
(r•)
norm. Since the preimage U0 in D
(r•)
norm is big, by reflexivity this pullback
morphism extends to a non-zero morphism
(gnorm)
∗L −→ N (r•)norm
which induces a non-zero map
N (r•)norm ⊗ (gnorm)∗L −→
(
N (r•)norm
)⊗2
. (6.3.5.g)
The line bundle N (r•)norm is relatively ample over T and pseudo-effective by Lemma 6.3.4. More-
over g∗L is the pullback of a big divisor by Proposition 6.2.1. Thus the left-hand side of (6.3.5.g)
is big on every component by Lemma 7.0.2. Hence N (r•)norm is big on at least one component.
This implies that N (r•)red is big on at least one component.
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By Lemma 6.3.3, µ(r•) : D
(r•)
Y → D(r•) is an isomorphism in codimension zero and factors
through D
(r•)
red . Hence we obtain that N (r•)Y is big on one component P of D(r•)Y . So we may
write (
N (r•)Y |P
)⊗m ∼= OP (mA+mE)
where A is ample and E is effective on P , for some m > 0.
Now fix a general movable curve C → T with the following properties. Firstly, no component
of its preimage in P is contained in the support of E. Secondly, the line bundles NZ and N (r•)YC
are nef (see Lemma 6.3.4). Thirdly, the induced morphisms µjC : D
j
YC
→ DjZ := Dj ×T C are
birational for all j; this is acheviable since µj : DjY → Dj are all birational. Fourthly, for
all j the product DjZ agrees with the j-coefficient part DjZ of DZ in codimension one; this is
achievable by combining Lemma 2.3.3 and Corollary 2.3.6.
With such a curve C → T fixed, we write
OPC (mAC +mEC) ∼=
(
N (r•)YC
∣∣∣
PC
)⊗m
∼=
⊗
i,j
(
pijYC
)∗NDjYC
∣∣∣⊗m
PC
.
Since A is ample, its pullback AC is also ample. By our choice of C, the divisor EC is effective.
Thus
vol(AC) ≤ vol(AC + EC) =
[
c1
(
N (r•)YC
∣∣∣
PC
)]dimPC
.
It holds by equidimensionality that dimPC = dimD
(r•)
YC
. Using [Kol96, VI.2.7.3], we see that
[
c1
(
N (r•)YC
)]dimD(r•)
YC =
[
c1
(
N (r•)YC
∣∣∣
PC
)]dimD(r•)
YC
+
∑
P ′
[
c1
(
N (r•)YC
∣∣∣
P ′
)]dimD(r•)
YC
where P ′ runs through the component of D
(r•)
YC
not contained in PC . Since N (r•)YC is nef, the
sum over P ′ is non-negative, and therefore we obtain
vol(AC) ≤
[
c1
(
N (r•)YC
)]dimD(r•)
YC (6.3.5.h)
On the other hand, by Lemma 7.0.5 we have:
[
c1
(
N (r•)YC
)]dimD(r•)
YC =
N∑
i=0
di
[
c1(ND
j
YC )
]dimDj
YC ∏
j 6=i
[
c1
(
ND
j
YC
t
)]dimDj
YC
−1
(6.3.5.i)
for some numerical constants di = di(X,D, q) > 0. The right-hand side of (6.3.5.i) can be
simplified: observe that[
c1
(
ND
j
YC
)]dimDj
YC
=
[
c1
(
NDjZ
)]dimDj
Z
=
[
c1
(
NDjZ
)]dimDj
Z
= [c1 (NZ)]dimD
j
Z .DjZ .
Indeed, the first equality holds because µiC is birationa, while the second equality holds because
DjZ and DjZ are equal in codimension 1 and N has full support (see [Kol96, VI.2.7.3]). We also
have
ND
j
YC
t = N
Dj
Y
t
for t ∈ C closed. Since NDjY ∼= (µj)∗NDj is the pullback of a relatively ample line bundle, the
volume of (NDjY )t is strictly positive. Moreover NZ is nef so the quantities [c1 (NZ)]dimD
j
Z .DjZ
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are non-negative. Therefore, setting a = maxi
{
vol
(
NDiYt
)ri−1}
and b = maxi{di}, it follows
from (6.3.5.h) and (6.3.5.i) that
vol(AC) ≤
[
c1
(
N (r•)YC
)]dimD(r•)
YC ≤ ab
N∑
i=0
[c1 (NZ)]dimD
i
Z .DiZ .
Notice that ab depends only on (X,D) and q, so put e = (ab(N + 1))−1 to conclude.
The next lemma shows that vol(AC) cannot converge to zero when [C] gets close to the
boundary of the movable cone.
Lemma 6.3.6. Let A be the ample Q-Cartier divisor on the component P of D
(r•)
Y given by
Proposition 6.3.5. Then there exists a big Q-Cartier divisor Ψ such that for a general movable
curve C → T , we have vol(AC) = Ψ.C.
Proof. By Lemma 6.3.3 the scheme P is generically reduced and the morphism P → T is
equidimensional, say of relative dimension N . So we may apply Proposition 4.0.2 to (P,A)→
T . Namely, let A′ be the pullback of A to the normalization P ′ of P , and let f ′ : P ′ → T be the
induced morphism. Then for a general smooth curve C → T , we have AN+1C = f ′∗(A′)N+1.C.
By Lemma 7.0.1, f ′∗(A
′)N+1 is big. We take Ψ = f ′∗(A
′)N+1.
6.4 Variation of the boundary
Notation 6.4.1. In this subsection, we follow Notation 6.3.1 and let Ψ be the big Q-Cartier
divisor on T obtained in Lemma 6.3.6.
Given a general smooth curve C → T , the inequality (6.3.5.e) gives a lower bound for some
(c1[NZ ])dimD
j
Z .DjZ . As explained in Section 1.1, we derive a lower bound on λf,D.C. The case
j = 0 is the easiest.
Proposition 6.4.2 (Case j = 0). Let C → T be a smooth curve. Assume that [c1 (NZ)]n+1 ≥
e · (Ψ.C) for some e > 0. Then λf,D.C ≥ e0 · (Ψ.C) for some numerical constant e0 =
e0(X,D, q, e) > 0.
Proof. Recall the fact that NZ ∼= OZ(q(−KZ/C −DZ + 2αh∗λf,DZ )) (see Notation 6.3.1). We
have
1
qn+1
[c1 (NZ)]n+1 = (−KZ/C −DZ)n+1 + (n+ 1)2α(h∗λh,DZ · (−KZ/C −DZ)n)
= degC h∗((−KZ/C −DZ)n+1) + (n+ 1)2α · deg λh,DZ · ((−KZ/C −DZ)t)n)
= degC λh,DZ · [−1 + 2αv(n + 1)] = (λf,D.C) ·
−1 + 2αv(n + 1)︸ ︷︷ ︸
>0 by choice of α

We let e0 = e(q
n+1[2αv(n + 1)− 1])−1 to obtain the desired inequality.
If j > 0, we wish to relate (c1[NZ ])dimD
j
Z .DjZ to the a first-order derivative of λf,D.C as
the component DjZ is perturbed. Since D
j
Z might not be Q-Cartier, we introduce a birational
model where it is Q-Cartier.
Notation 6.4.3. In the situation of Notation 6.4.1. By Proposition 5.0.4, we may fix rX,D ∈
(0; 1) with the property that for every coefficient part Di of D, there is a small birational
morphism Wi → X such that for all rational numbers ǫ ∈ (0; rX,D), the family (Wi,DWi −
ǫDiWi) → T is a Q-Gorenstein family of log Fano pairs of maximal variation with uniformly
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K-stable general geometric fibers.
Fix an index j > 0 and any smooth curve ι : C → T . Write ν : W := Wj → X and Γ := Dj.
We let
V := W ×X Z ∼=W ×T C.
With the notations of Notation 6.1.2, we obtain the diagrams
(V,DV ,ΓV ) (W,DW ,ΓW )
(Z,DZ ,D
j
Z) (X,D,Γ)
C T
g
τ
µ ν
f ′
σ
h f
ι
where DZ is the divisorial base-change of D, D
j
Z the cj-coefficient part of DZ , and where the
other Q-divisors are defined as follows:
(a) let DW and ΓW be the ν-strict transforms of respectively D and Γ;
(b) let DV be defined on V by the equality KV/C +DV = τ
∗(KW/T +DW );
(c) let ΓV be defined on V by ΓV = τ
∗ΓW . In particular, it is Q-Cartier.
Define the polynomial F (C, j) ∈ R[t] by
F (C, j)(t) := (−KV/C −DV + tΓV )dimV = (−KV/C −DV + tΓV )n+1.
We will also use the ad hoc notation
m2
(
r∑
l=0
ajt
j
)
:= max
l≥2
{|al|}.
We need to relate the intersection products one can do on V , to the intersection products
one can do on Z and on T . This is the purpose of the next three lemmas.
Lemma 6.4.4. In the situation of Notation 6.4.3,
(a) µ∗(KZ/C +DZ) ∼Q KV/C +DV .
Moreover, if C → T is a general movable curve, then
(b) µ : V → Z is small birational;
(c) DV ,ΓV are the strict transforms of DZ and D
j
Z respectively;
(d) ΓV is the divisorial pullback of ΓW and the cj-coefficient part of DV .
(e) for every rational 0 < ǫ < rX,D, the family (V,DV − ǫΓV )→ C is a Q-Gorenstein family
of log Fanos of maximal variation with uniformly K-stable general geometric fibers.
Proof. Since σ∗(KX/T + D) ∼Q KZ/C + DZ and KW/T + DW ∼Q ν∗(KX/T + D), we obtain
that KV/C +DV ∼Q µ∗(KZ/C +DZ). This proves part (a).
By Proposition 5.0.4, the morphism Wt → Xt is small birational for a general t ∈ T . So if C
meets the open locus of such t ∈ T , the birational morphism µ : V → Z is small as well. In
this case DV ,ΓV are the strict transforms of DZ and D
i
Z . By Corollary 2.3.6, if C is general
movable then DjZ is the divisorial pullback of Γ, and the cj-coefficient part of DZ . So ΓV is the
cj-coefficient part of DV and the divisorial pullback of ΓW . This proves parts (b), (c) and (d).
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For all rational 0 < ǫ < rX,D, the family (W,DW − ǫΓW )→ T is a Q-Gorenstein family of log
Fanos of maximal variation with uniformly K-stable general geometric fibers. Since the fibers
are normal and C is normal, V is also normal. If C meets the open locus where the fibers are
uniformly K-stable and of maximal variation, then part (e) holds.
Lemma 6.4.5. In the situation of Notation 6.4.3, if C → T is general movable, we have
(−KV/C −DV )n+1 = (−KZ/C −DZ)n+1 and (−KV/C −DV )n.ΓV = (−KZ/C −DZ)n.DjZ .
Proof. By part (a) of Lemma 6.4.4, it holds that KV/C + DV ∼Q µ∗(KZ/C + DZ). The first
equality follows. By part (c) of Lemma 6.4.4, if C is general movable then µ restricts to a
birational morphism µ|ΓV : ΓV → DjZ , and the second equality follows.
Lemma 6.4.6. In the situation of Notation 6.4.3, for each j > 0 there is a non-empty finite
family of Q-Cartier divisors {Υjl}n+1l=2 on T such that m2(F (C, j)) = maxl{|Υjl.C|} for any
smooth curve C → T .
Proof. Fix an index j > 0 and let (f ′ : W → T,DW ,ΓW ) be as in Notation 6.4.3. The fibers of
f ′ are normal, and for small positive values of ǫ, the Q-Cartier divisor −KW/T −DW + ǫΓW is
relatively ample over T . Thus by Proposition 4.0.2, for any smooth curve C → T we have:
f ′∗(−KW/T −DW + ǫΓW )n+1.C = (−KV/C −DV + ǫΓV )n+1 = F (C, j)(ǫ).
Write f ′∗(−KW/T −DW + ǫΓW )n+1 =
∑n+1
l=0 ǫ
lΥjl in the Chow ring of T . We obtain
m2(F (C, j)) = max
l≥2
{|Υjl.C|}
as claimed. Notice that the family {Υjl}n+1l=2 is non-empty since n ≥ 1.
We are now able to treat the case j > 0.
Proposition 6.4.7 (Case j > 0). Let C → T be a smooth curve such that all the assertions of
Lemma 6.4.4 are satisfied. Assume that [c1 (NZ)]n .DjZ ≥ e · (Ψ.C) for some j > 0 and e > 0.
Then λf,D.C ≥ e1 · (Ψ.C) where e1 = e1(X,D, q, e) > 0 is a numerical constant.
Proof. By assumption on C → T , the results of Lemma 6.4.4 and Lemma 6.4.5 hold. Thus we
have
F (C, j)(0) = (−KZ/C −DZ)n+1 = − degC λh,DZ (6.4.7.j)
and
F ′(C, j)(0) = (n+ 1)(−KZ/C −DZ)n.DjZ . (6.4.7.k)
A direct calculation gives
[c1 (NZ)]n .DjZ = qn(−KZ/C −DZ)n.DjZ + 2nα degC λh,DZ
[
c1
(
NDjt
)]n−1
(6.4.7.l)
Combining (6.4.7.k), (6.4.7.l) and the hypothesis on [c1 (NZ)]n .DjZ , we obtain that
F ′(C, j)(0) ≥ (n+ 1)e
qn
(Ψ.C)− 2n(n+ 1)α
qn
(
[c1 (Nt)]n−1 .Djt
)
degC λh,DZ . (6.4.7.m)
On the other hand, for any rational 0 < ǫ < rX,D, the family (V,DV − ǫΓV ) → C is a
Q-Gorenstein family of log Fano pairs of maximal variation with uniformly K-stable general
geometric fibers. Thus
− degC λh,DV −ǫΓV = F (C, i)(ǫ) ≤ 0 ∀ ǫ ∈ (0, rX,D) (6.4.7.n)
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by [CP18, Theorem 1.13.a]. We combine (6.4.7.m) and (6.4.7.n) to get a negativity condition
on F (C, i)(0) = degλh,DZ .
Let β0 = maxi>0
{[
c1
(
MDit
)]n−1
, t ∈ C(k)
}
, and for convenience let us write
w = Ψ.C, a =
(n+ 1)e
qn
, b =
2n(n+ 1)α
qn
β0.
Therefore (6.4.7.m) implies that
F ′(C, j)(0) ≥ aw − bdegC λh,DZ (6.4.7.o)
Assume that
degC λh,DZ ≤
a
2b
w. (6.4.7.p)
Then the estimate (6.4.7.o) implies
F ′(C, j)(0) ≥ a
2
w > 0.
Thus we know by (6.4.7.n) that F (C, j)(t) must be negative in a neighborhood of t = 0, and
we have a positive lower bound on the linear part. This gives a condition on F (C, j)(0) that
depends on the quadratic part of F (C, j): we apply Lemma 7.0.6 with
G =
a
2
w, H = m2(F (C, j)), l = rX,D, d = n+ 1 ≥ 2,
and we obtain that F (C, j) takes a strictly positive value on [0; rX,D/2) if
F (C, j)(0) > max
{
−arX,D
2
w,− a
2
4n
w2
m2(F (C, j))
}
, (6.4.7.q)
where we set w
2
m2(F (C,j))
= +∞ if m2(F (C, j)) = 0. Obviously (6.4.7.n) and (6.4.7.q) cannot
simultaneously hold. To conclude, we need to modify the right-hand side of (6.4.7.q) so that
the only quantity that depends on C is w = (Ψ.C).
Let {Υij}i,j be the Q-Cartier divisors on T given by Lemma 6.4.6. Consider the function
Mov(T )R − {0} → R, γ 7→ maxi,j |Υij.γ|
Ψ.γ
.
This function is well-defined since Ψ is big and hence defines a strictly positive functional on
Mov(T )R − {0}. It is also continuous and invariant under R∗+-scaling of its argument. So it
admits a maximum which is strictly positive, since the numerator is not zero for all movable
curves. Thus there exists β1 > 0 such that
m2(F (C, j))
w
=
maxi |Υij .C|
Ψ.C
< β1
for all general movable curve C and j > 0. So (6.4.7.q) implies that if
F (C, j)(0) > max
{
−arX,D
2b
,−a
2β1
4b2n
}
· w (6.4.7.r)
then F (C, j) takes a strictly positive value on [0; rX,D/2). This contradicts (6.4.7.n), so (6.4.7.r)
and (6.4.7.p) cannot hold simultaneously. In other words,
degC λh,DZ = −F (C, j)(0) ≥ min
{
a
2b
,
arX,D
2b
,
a2β1
4b2n
}
· w.
The quantity e1 = min
{
a
2b ,
arX,D
2b ,
a2β1
4b2n
}
depends only on (X,D), q and e. Therefore the proof
is complete.
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6.5 Proof of Theorem 1.0.1
Proof of point (c) of Theorem 1.0.1. Let τ : T ′ → T be a resolution of singularities. Then
the induced family fT ′ : (XT ′ ,DT ′) → T ′ is again a Q-Gorenstein family of log Fano pairs
of maximal variation with general geometric uniformly K-stable fibers. The morphism τ is
birational and τ∗λf,D = λfT ′ ,DT ′ by Proposition 2.4.1. So λf,D is big if and only if λfT ′ ,DT ′ is
big. Thus we may assume that T is smooth to begin with. Let C → T be a general movable
curve. By Proposition 6.3.5 and Lemma 6.3.6, the hypothesis of either Proposition 6.4.2 or
Proposition 6.4.7 is fullfilled, with a constant e that depends only on X,D and q. Thus there is
a constant c = c(X,D, q) > 0 such that λf,D.C ≥ c · (Ψ.C). As Ψ is big, the result follows.
Proof of point (d) of Theorem 1.0.1. By the Nakai-Moishezon theorem it is enough to prove
that for all normal varieties V mapping finitely to T , we have (λf,D|V )dimV > 0. Let V ′ → V
be a resolution of singularities. By (6.1.2.c) and since (λf,D|V )dimV = (λf,D|V ′)dimV ′ , we may
replace f : (X,D) → T by fV ′ : (XV ′ ,DV ′) → V ′. By assumption all the closed fibers of fV ′
are uniformly K-stable, hence klt. So all the fibers of fV ′ are klt. Therefore we are in position
to apply point (c) of Theorem 1.0.1.
6.6 Proof of Corollary 1.0.5
We give an application of Theorem 1.0.1 to the moduli theory of Fano varieties. More
precisely, we generalize [CP18, §10.1] to the logarithmic setting.
Definition 6.6.1. Let C be a class of K-semi-stable log Fano varieties over k. A pseudo-functor
MC is called a moduli functor for C if for every normal scheme T of finite type over k,
MC(T ) =

(X,∆)
T
f
(a) f is a flat projective morphism,
(b) the fibers of f are connected, pure-dimensional and normal,
(c) ∆ is a Q-Weil divisor whose support does not contain any fiber,
(d) KX/T +∆ is Q-Cartier,
(e) for each geometric point t ∈ X, (Xt,∆t) ∈ C.

with arrows given by Cartesian diagrams and divisorial base-change.
Remark 6.6.2. The hypothesis on the families contained inMC guarantee that there is a sensible
way to define the restrictions and the pullbacks of the Q-Weil divisor ∆ (see Section 2.3). We
do not require anything for the value of MC over non-normal test schemes.
Definition 6.6.3. In the situation of Definition 6.6.1, we say that a proper algebraic space M
is a moduli space for C, with open uniform K-stable locus Mu ⊆M , if
(a) Mu ⊆M is an open sub-algebraic space,
(b) there is a morphism µ : MC → M which is universal among morphisms from MC to
algebraic spaces,
(c) µ(k) sends exactly the uniformly K-stable varieties in C(k) to Mu(k),
(d) µ(k) is surjective and bijective when restricted to the uniformly K-stable varieties,
(e) there is a generically finite, proper cover π : Z → M by a scheme, given by a family
((X,∆)→ Z) ∈ MC(Z), such that
(i) π is finite over Mu, and
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(ii) some positive multiple of the CM line bundle λf,∆ on Z is numerically equivalent to
a line bundle that descends to M .
Proof of Corollary 1.0.5. The proof is identical to the one of [CP18, Corollary 1.15]. The only
change is that we use Theorem 1.0.1.(c) instead of [CP18, Theorem 1.2.(c)].
7 APPENDIX
We gather some technical results that are used in the text.
Lemma 7.0.1. Let f : X → T be an equidimensional proper morphism of relative dimension n
between projective k-schemes. Assume that T is smooth. Let A be an ample Q-Cartier divisor
on X. Then the cycle f∗A
n+1 is Q-Cartier and big.
Proof. Replacing A by a multiple, we may assume that A is very ample and f∗A
n+1 Cartier.
Then the linear system defined by f∗A
n+1 on T is base-point free and separates points. The
result now follows from [KM98, 2.60].
Lemma 7.0.2. Let f : X → T be proper morphism between normal projective k-schemes. Let
A be a pseudo-effective relatively ample Q-Cartier divisor on X, and B a big Q-Cartier divisor
on T . Then A+ f∗B is big on every component of X.
Proof. We may assume that X is integral. Write B ∼Q C+E where C is ample and E effective.
Fix an ample divisor H on X. Choose ǫ′ ∈ Q∗+ small enough such that ǫ′A+ f∗C is ample on
X. Then choose ǫ ∈ Q∗+ small enough such that A+ ǫH is effective, and ǫ′A+ f∗C− (1− ǫ′)ǫH
is still ample. We write
A+ f∗B ∼Q f∗E + (1− ǫ′)(A+ ǫH) + (ǫ′A+ f∗C − (1− ǫ′)ǫH)
so A+ f∗B is the sum of an effective and an ample Q-divisors. By [KM98, 2.60], it is big.
Lemma 7.0.3. Let f : X → T be a flat morphism between Noetherian schemes. Assume that
T is S1 and integral, and that the generic fiber of f is reduced. Then X is reduced.
Proof. Let x be an associated point of X. By assumption, the local map OT,f(x) → OX,x is
flat. If f(x) is not the generic point η of T , then OT,f(x) has dimension at least one, and
so its maximal ideal contains a non-zero divisor. By flatness, the image of this element is
also a non-zero divisor in the maximal ideal of OX,x. This contradicts the fact that x is an
associated point, so f(x) = η. Now Xη is reduced, so x cannot be an embedded associated
point. Therefore X is reduced.
Lemma 7.0.4. Let Xi (i = 1, . . . , r) be proper k-schemes of dimensions ni. Set X := X1 ×k
· · · ×k Xr, with projections pi onto its factors. There is a positive numerical constant c =
c(n1, . . . , nr) with the following property: if Li are Cartier divisors on Xi and L :=
∑r
i=1 p
∗
iLi,
then
LdimX = c
r∏
i=1
Lnii .
Proof. By induction on r, it suffices to consider the case r = 2. In this case we have
Ln1+n2 =
(
n1 + n2
n1
)
(p∗1L1)
n1(p∗2L2)
n2 =
(
n1 + n2
n1
)
Ln11 L
n2
2 ,
as claimed. In the general case, the precise form of the constant c is
∏r
i=1
(∑
k≥i nk
ni
)
.
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Lemma 7.0.5. Let Xi → T (i = 1, . . . , r) be flat morphisms from proper k-schemes of dimen-
sion 1 + ni to a common smooth k-curve. Set X := X1 ×T · · · ×T Xr with projections pi onto
its factors. Then there are positive numerical constants di = d(n1, . . . , nr) with the following
property: if Li are Cartier divisors on Xi and L :=
∑r
i=1 p
∗
iLi, then
LdimX =
r∑
i=1
diL
ni+1
i
∏
j 6=i
(Lj)
nj
t .
Proof. Notice that dimX = 1+∑j nj. Thus LdimX is the sum of terms of the form (p∗1L1)i1 . . . (p∗rLr)ir
where
∑
j ij = 1 +
∑
j nj. Such a term a zero as soon as ij > 1 + nj for some j. On the other
hand, by the pigeon-hole principle, at least one ij is greater or equal to 1 + nj. Thus:
L1+
∑
j nj =
r∑
i=1
(
1 +
∑
j nj
1 + ni
)
(p∗iLi)
1+ni
∑
j 6=i
p∗jLj

∑
j 6=i nj
.
Notice that the fiber of pi : X → Xi above xi is given by the fiber product (X2)ti×k · · ·×k (Xr)ti
where ti is the image of xi through Xi → T . Applying Lemma 7.0.4 and using flatness, we get
LdimX =
r∑
i=1
(
1 +
∑
j nj
1 + ni
)
L1+nii c(n1, . . . , n̂i, . . . , nr)
∏
j 6=i
(Lj)
nj
t
where t ∈ T is any closed point. Put di(n1, . . . , nr) :=
(1+∑j nj
1+ni
)
c(n1, . . . , n̂i, . . . , nr) to con-
clude.
Lemma 7.0.6. Let G > 0,H ≥ 0 and l ∈ (0; 1) be positive real numbers, and d ≥ 2 be an
integer. Then for every choice of real numbers a0, . . . , ad satisfying
max
{
−Gl
4
,− G
2
4H(d − 1)
}
< a0 ≤ 0, a1 ≥ N, and |ai| ≤ H ∀i ≥ 2,
the polynomial p(t) =
∑d
i=0 ait
i takes a strictly positive value in the interval (0; l/2). (If H = 0
we set G
2
4H(d−1) = +∞).
Proof. Let a0, . . . , ad be real numbers satisfying the prescribed conditions. We have, for 0 <
t < 1:
p(t) = a0 + a1s+
∑
i≥2
ait
i
≥ a0 +Gt−G(d− 1)t2.
So it it enough to prove that q(t) := a0 +Gt −H ′t2 takes a strictly positive value on (0, l/2),
with H ′ := H(d − 1). First consider the special case where H = 0. Then a0 > −Gl/4, so
q(l/3) > Gl/12 > 0. From now assume that H > 0. We have to show that q(t) has a real
positive root t0 ∈ (0, l/2) such that q′(t0) > 0. Real roots exist if
a0 >
−G2
4H ′
. (7.0.6.s)
Assume (7.0.6.s) holds. Then the smallest positive root of q(t) is
t0 =
G−√G2 + 4a0H ′
2H ′
.
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Note that
q′(t0) = G− 2H ′t0 =
√
G2 + 4a0H ′ > 0.
Hence we just have to ensure that t0 < l/2. This condition is equivalent to
G− lH ′ <
√
G2 + 4a0H ′.
This inequality is trivially satisfied if G− lH ′ < 0. If G− lH ′ ≥ 0, then it is equivalent to
l(lH ′ −G)
4
− Gl
4
< a0,
which is implied by the stronger condition
−Gl
4
< a0 (7.0.6.t)
as −G + lH ′ ≤ 0. Therefore if (7.0.6.s) and (7.0.6.t) are satisfies, then q(t) takes a strictly
positive value in (0, l/2), as desired.
REFERENCES
[ABHLX19] Jarold Alper, Harold Blum, Daniel Halpern-Leistner, and Chenyang Xu.
Reductivity of the automorphism group of k-polystable fano varieties.
https:// arxiv.org/ abs/ 1906.03122 , 2019.
[Alp13] Jarod Alper. Good moduli spaces for Artin stacks. Ann. Inst. Fourier (Grenoble),
63(6):2349–2402, 2013.
[BCHM10] Caucher Birkar, Paolo Cascini, Christopher D. Hacon, and James McKernan.
Existence of minimal models for varieties of log general type. J. Amer. Math.
Soc., 23(2):405–468, 2010.
[BJ17] Harold Blum and Mattias Jonsson. Thresholds, valuations, and k-stability.
https:// arxiv.org/ abs/ 1706.04548 , 2017.
[BL18] Harold Blum and Yuchen Liu. Openess of uniform k-stability in families of q-fano
varieties. https:// arxiv.org/ abs/ 1808.09070 , 2018.
[BLX19] Harold Bulm, Yuchen Liu, and Chenyang Xu. Openess of k-semistability for fano
varieties. https:// arxiv.org/ abs/ 1907.02408 , 2019.
[BX18] Harold Blum and Chenyang Xu. Uniqueness of k-polystable degenerations of fano
varieties. https:// arxiv.org/ pdf/ 1812.03538.pdf , 2018.
[CP18] Giulio Codogni and Zsolt Patakfalvi. Positivity of the cm line bundle for families
of k-stable klt fanos. https:// arxiv. org/pdf/ 1806.07180. pdf , 2018.
[Deb01] Olivier Debarre. Higher-dimensional algebraic geometry. Universitext. Springer-
Verlag, New York, 2001.
[FO18] Kento Fujita and Yuji Odaka. On the K-stability of Fano varieties and anticanon-
ical divisors. Tohoku Math. J. (2), 70(4):511–521, 2018.
[Fuj19] Kento Fujita. A valuative criterion for uniform K-stability of Q-Fano varieties. J.
Reine Angew. Math., 751:309–338, 2019.
30
[Gro66] A. Grothendieck. E´le´ments de ge´ome´trie alge´brique. IV. E´tude locale des sche´mas
et des morphismes de sche´mas. III. Inst. Hautes E´tudes Sci. Publ. Math., (28):255,
1966.
[Har77] Robin Hartshorne. Algebraic geometry. Springer-Verlag, New York-Heidelberg,
1977. Graduate Texts in Mathematics, No. 52.
[Jia17] Chen Jiang. Boundedness of q-fano varieties with degrees and alpha-invariants
bounded from below. https:// arxiv.org/ abs/1705. 02740 , 2017.
[KM76] Finn Faye Knudsen and David Mumford. The projectivity of the moduli space
of stable curves. I. Preliminaries on “det” and “Div”. Math. Scand., 39(1):19–55,
1976.
[KM98] Ja´nos Kolla´r and Shigefumi Mori. Birational geometry of algebraic varieties, vol-
ume 134 of Cambridge Tracts in Mathematics. Cambridge University Press, Cam-
bridge, 1998. With the collaboration of C. H. Clemens and A. Corti, Translated
from the 1998 Japanese original.
[Kol96] Ja´nos Kolla´r. Rational curves on algebraic varieties, volume 32 of Ergebnisse
der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in
Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of
Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 1996.
[Kol13] Ja´nos Kolla´r. Singularities of the Minimal Model Program, volume 200 of Cam-
bridge Tracts in Mathematics. 2013.
[Kol14] Ja´nos Kolla´r. Families of varieties of general type.
http:// http: // web. math.princeton.edu/ ~ kollar/book/ modbook20170720-hyper.pdf ,
2014.
[KP17] Sa´ndor J. Kova´cs and Zsolt Patakfalvi. Projectivity of the moduli space of stable
log-varieties and subadditivity of log-Kodaira dimension. J. Amer. Math. Soc.,
30(4):959–1021, 2017.
[Laz04] Robert Lazarsfeld. Positivity in algebraic geometry. II, volume 49 of Ergebnisse
der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in
Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of
Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 2004. Positivity for
vector bundles, and multiplier ideals.
[LWX18] Chi Li, Xiaowei Wang, and Chenyang Xu. Quasi-projectivity of the moduli space
of smooth Ka¨hler-Einstein Fano manifolds. Ann. Sci. E´c. Norm. Supe´r. (4),
51(3):739–772, 2018.
[Mat89] Hideyuki Matsumura. Commutative ring theory, volume 8 of Cambridge Studies in
Advanced Mathematics. Cambridge University Press, Cambridge, second edition,
1989. Translated from the Japanese by M. Reid.
[Pat15] Zsolt Patakfalvi. Semi-negativity of Hodge bundles associated to du bois families.
J. Pure Appl. Algebra, 219:5387–5393, 2015.
[PX17] Zsolt Patakfalvi and Chenyang Xu. Ampleness of the CM line bundle on the
moduli space of canonically polarized varieties. Algebr. Geom., 4(1):29–39, 2017.
[Sei50] A. Seidenberg. The hyperplane sections of normal varieties. Trans. Amer. Math.
Soc., 69:357–386, 1950.
31
